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Dimensionality reduction (“»-to-“5)

A randomized map R" ¥ R™ (where m  n) that preserves distances.

A pre-processing step in many applications:

clustering nearest neighbors

Key question: What is the tradeoff between the dimension m, the
performance in distance preservation, and the projection time?

This paper: A theoretical analysis of this tradeoff for a state-of-the-art
dimensionality reduction scheme on feature vectors.
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Feature hashing (Weinberger et al. '09)

One standard dimensionality reduction scheme is feature hashing.

Use a hash function h : f1;:::;ng ¥ f1;:::;mg on coordinates.
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Feature hashing (Weinberger et al. '09)

One standard dimensionality reduction scheme is feature hashing.
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Sparse Johnson-Lindenstrauss transform (KN '12)
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Sparse Johnson-Lindenstrauss transform (KN '12)

Sparse JL is a state-of-the-art sparse dimensionality reduction.

=) Each input coordinate is mapped to S output coordinates.

Use random signs to deal with collisions.
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Sparse Johnson-Lindenstrauss transform (KN '12)

Sparse JL is a state-of-the-art sparse dimensionality reduction.

=) Each input coordinate is mapped to S output coordinates.

Use random signs to deal with collisions.
P P

That is: f(x)i = F’ﬂg ket j2h, k(i) ijJ'

(Alternate view: a random sparse matrix w/ S nonzero entries per column.)

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Sparse Johnson-Lindenstrauss transform (KN '12)

Sparse JL is a state-of-the-art sparse dimensionality reduction.

=) Each input coordinate is mapped to S output coordinates.
Use random signs to deal with collisions.
P P

That is: f(x)i = F’ﬂg ket j2h, k(i) ijJ'

(Alternate view: a random sparse matrix w/ S nonzero entries per column.)

The tradeo : higher s preserves distances better, but takes longer.

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Sparse Johnson-Lindenstrauss transform (KN '12)

Sparse JL is a state-of-the-art sparse dimensionality reduction.

=) Each input coordinate is mapped to S output coordinates.

Use random signs to deal with collisions.

P, P

That is: f(x)i = F]’g ket j2h, k(i) ijJ'

(Alternate view: a random sparse matrix w/ S nonzero entries per column.)
The tradeo : higher s preserves distances better, but takes longer.

This work

Analysis of tradeo for sparse JL between # of hash functions s,
dimension m, and performance in “,-distance preservation.

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Intuition for this paper

Analysis of sparse JL with respect to a performance measure:

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Intuition for this paper

Analysis of sparse JL with respect to a performance measure:

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Intuition for this paper

Analysis of sparse JL with respect to a performance measure:

1.0 - s=
- s=
08] W s=
= s=
[
5
g 0.6 |
E Even feature
v .
g hashing has full
€ 0.4
£ 04 performance
‘€
[
a
021
0.0
500 1000 1500 2000 2500 3000

Dimension m

Understanding Sparse JL for Feature Hashing Meena Jagadeesan



Intuition for this paper

Analysis of sparse JL with respect to a performance measure:

Sparse JL
always has poor
performance

Performance measure
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Intuition for this paper

Analysis of sparse JL with respect to a performance measure:
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Geometry-preserving condition. For eachx 2 R":
Prop [kf(x)k, 2 (1 )kxky]> 1

for target error, target failure probability.
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Traditional mathematical framework

Consider a probability distributior over linear mapg : R"! R™.
Geometry-preserving condition. For eachx 2 R":

Pror [kf (X)k, 2 (1 )kxky,]> 1

for target error, target failure probability.

(Can apply todi erencesx = x; X2 sincef is linear.)

Sparse JL can sometimes perform much better in practice on
feature vectors than traditional theory suggests ...
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Performance on feature vectors (Weinberger et al. '09)

Consider vectors w/ small; -to-"» norm ratio:

S = fx2R"jkxk,  vkxk,g:
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S = fx2R"jkxk,  vkxk,g:

Let Fs;m be the distribution given by sparse JL with parameterand m.
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Performance on feature vectors (Weinberger et al. '09)

Consider vectors w/ small; -to-"» norm ratio:

S = fx2R"jkxk,  vkxk,g:

Let Fs;m be the distribution given by sparse JL with parameterand m.

v(m; ; ; s) is the supremum ovey 2 [0; 1] such that:
Pror omlKf (X)k, 2 (1 ) kxk,]> 1 holds for eachx 2 S, .

I v(m;;; s)=0 =) poor performance
I v(m;;; s)=1 =) full performance
Lv(m; ;; s)2(0;1) =) good performance ol 2 S,y )

We give a tight theoretical analysis of the function(m; ; ; s).
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Informal statement of main result

Goal: Psor [Kf (X)k, 2 (1 ) kxk,] > 1
v(m; ; ; s) :=supoverv 2 [0; 1] s.t. sparse JL meets, goal onx 2 S,.
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Informal statement of main result

Goal: Psor [Kf (X)k, 2 (1 ) kxk,] > 1
v(m; ; ; s) :=supoverv 2 [0; 1] s.t. sparse JL meets, goal onx 2 S,.
Theorem (Informal)

For error and failure probability , sparse JL with projected dimensian
and s hash functions hagour regimes in its performance: that is,

% Fll (full performance) Highm
Wit s 5 §B1 (partial performance) Middlem
smin (B1; By) (partial performance) Middlen
* 0 (poor performance) Smain;

Wherep = |n(1: ), By = P |n(m 2:p):p ﬁ and B, = In( m :p):p.
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v(m; ; ; s) on more synthetic data
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v(m; ; ; s) on more synthetic data
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Sparse JL on News20 dataset
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